The main concern of this paper is the detection of double contact configurations for some polygons moving in translation in a polygonal environment. We first establish some general properties about such configurations and give conditions of existence of double contacts for two or three objects.
Introduction
This paper addresses the problem of detecting collision-free positions of polygonal shapes translating in the plane among polygonal obstacles. More precisely, we are only looking for a special kind of positions (called double contacts) and we study the conditions of existence of theses special positions.
In the following, the environment refers to a polygonal region of the plane which is the set of obstacles, and we call a configuration of a given polygonal object a translation moving this object from its reference position to another position in the plane. A configuration is said free if the translated polygon does not intersect the environment. The set of free configurations is called the free space of the object. At this point, two kind of problems can be studied: the determination of the whole free space, or just the computation of one free configuration if it exists. We focus on the second point in this paper.
We are interested in the placement of several polygons. A configuration for such a system is a translation for each polygon, and this configuration is free if the translated polygons do not intersect the environment and if they do not intersect each others.
Several results have been obtained concerning this problem. The free space of two convex polygons moving in a convex environment can be found in linear time. [1] In the case of two or three general polygons in general polygonal environment Avnaim and Boissonnat [2, 3] gave algorithms to compute the free space or to only find one solution. The complexity depends on the different cases of convexity of objects and environment, in particular, they found one solution for the containment of two (resp. three) convex polygons in a general polygon in O(n 2 log 2 n) (resp. O(n 3 log 2 n)) if n is the environment size and the sizes of the objects are assumed to be constant.
1 Some work had also be done on special case such as rectilinear polygons. [4] In a system of q polygons, a configuration of the system is described by q translations in the plane, that is by a vector of IR 2q , and the free space is a polygonal domain of IR 2q . If some vertex of an object touches an edge of another object (or of the environment), we call this configuration a contact configuration and the pair vertex-edge is the label of the contact. Such a contact configuration necessarily lies on the boundary of the free space since a small motion can move the vertex on the forbidden side of the edge; in fact, if there is only one contact (one vertex-edge pair) the configuration lies on a facet of the free space, and if more contacts are involved, the configuration lies on a face of lower dimension. In general position, a vertex of the free space corresponds to 2q contacts.
A contact configuration having two labels involving the same pair of objects (or the same object and the environment) is called a double contact. This paper presents some results about contact configurations, and particularly about double contacts. If q = 1 there is only one possibility of contact (objectenvironment) and the vertices of the free space correspond to two contacts, thus they are necessarily double contacts. If q = 2 there are three possibilities of contacts (object1-environment, object2-environment, object1-object2) since vertices of the free space involves four contacts, one of the three pairings of objects must appear twice, so vertices are double contacts. The interesting case arises when q ≥ 3. This paper studies the possibility for the free space to be non-empty without existence of double contacts. This paper proves that for three convex polygons in a polygonal environment 1 In fact, if m i is the size of polygon number i, the complexity is O(n 2 m 1 m 2 log nm 1 log nm 2 ) for two objects and O n 3 m 1 m 2 m 3 (m 1 + m 2 )(m 1 + m 3 ) log m 1 m 2 m 3 + log 2 nm 1 m 2 m 3 for three objects. If we assume that m i = O(m) and m < n, this can be simplified in O(n 2 m 2 log 2 n) and O(n 3 m 3 log 2 n + n 3 m 5 log m).
or for three polygons moving in a rectangle there always exists double contacts (if the free space is not empty). Algorithms are deduced for two or three convex polygons moving in a polygonal environment; if n is the environment size and the sizes of the objects are assumed to be constant the complexity of determining a double contact configuration is O(n 2 ) (resp. O(n 3 )) in the case of two (resp. three) objects, these complexities improve those of Avnaim and Boissonnat by a log 2 n factor.
2
In general this property is false, and examples of systems where there does not exist double contacts are given for three non-convex polygons in a nonconvex environment and for four convex polygons in a rectangle.
The paper is organized as follows: Section 2 introduces some notations, Section 3 describes the boundary of the free space, Section 4 studies the double contact configurations, and finally some algorithmic results are deduced in Section 5.
Notations and Classical Results
We consider polygonal objects moving in translation in a polygonal environment. The closure of the environment is denoted by O and the closure of the objects by S i (i = 1 . . . q). The size of O (resp. S i ) is denoted by n (resp. m i ). The position of each object is characterized by the translation c i ∈ IR 2 which moves S i from its reference position to its current position. The translation c i is called a configuration of S i . The object S i in the configuration c i is denoted by S ci i . The usual way to represent a position for a system of q objects is to use a 2q-dimensional space: the configuration space. A point of this space, c = (c 1 , . . . , c q ) ∈ IR 2q , is a configuration of the complete system. Now we define a free configuration as a configuration where the closures of the objects have no intersections. We also define a contact configuration as a configuration where the boundaries of the objects intersect but their interiors do not intersect. We use the following definitions of Avnaim [3] : 
is the set of relative free configurations of S i and S j in O R ij = {c i − c j , ∃c ∈ L, c i and c j are the i th and j th components of c} is the set of relative free configurations of S i and S j in the complete system of q objects in the environment O We assume without loss of generality that the system is in general position; a precise definition will be given in Section 3.1. Degenerate cases such as constrained motion in a corridor or parallelism between objects are therefore ruled out (see Figure 1) . A small deformation of the objects and the environment can be used to put a degenerate system in general position.
For a polygonal system, all the sets defined above are polyhedra; these polyhedra are not necessarily convex. L i , L ij , U ij and R ij are open polygons. L is an open polyhedron of dimension 2q, and C is its boundary.
An usual way to compute L i and L ij is to use the Minkowski difference, denoted by ⊖ (see, for example, the article by Lozano-Perez and Wesley [5] ). The Minkowski difference of two sets F and G is F ⊖ G = {f − g, f ∈ F, g ∈ G}, so c ∈ F ⊖ G means that the translated polygon
The Minkowski difference of two polygons of sizes n and m can be computed in time O(n 2 m 2 ) and has a size O(n 2 m 2 ). This bound is tight in the worst case. [2] This computation can be done as follows. F ⊖ G is a polygon whose edges are supported either by edges of F ⊖ g or f ⊖ G for f vertex of F and g vertex of G . It is possible to compute the arrangement of these O(mn) line segments in O(m 2 n 2 ) time [6] and then select the edges of F ⊖ G among the edges of this arrangement in a straightforward manner.
If F is a general polygon and G is a convex polygon, the result can be computed in time O(nm log nm) and has a size O(nm). [7] This algorithm computes the Voronoi diagram of the environment for the convex metric associated with the convex polygon, thus the free space is exactly the set of points at unit distance from the environment for this metric. In the case of two convex polygons, we can achieve the computation in time O(n + m) and the size is also
Avnaim [2] has established the following results:
where
and in the special case of three objects in a parallelogram:
where i, j, k ∈ {1, 2, 3}, i = j = k = i .
The Contact Space
As stated in Section 2.1, the configuration space has dimension 2q and the free-space is a polyhedron in this space.
Contact Configuration
A configuration of C is called a contact (see Section 2.1). Corresponding to a contact c = (c 1 , . . . , c q ), there exist two objects S i and S j (or an object S i and the environment O) such that S ci i and S cj j (S ci i and O) have a common point on their boundary. We assume without loss of generality that this point corresponds to a vertex V of S i and to an edge e of S j . Such an instance of a contact (V, e) is called label of simple contact. Now let (V, e) be a label of simple contact, it constrains the relative motion between S i and S j such that the vertex V of S i slides on the edge e of S j . This imposes a linear constraint on the two dimensional vector c i − c j , for the points in the contact space C. Therefore, the contact space C is supported by an hyperplane corresponding to the linear constraint on c i − c j due to the label of simple contact (V, e). Such a supporting hyperplane is called a contact hyperplane.
We can now define what a system in general position means.
Definition 1
The system, composed of an environment O and q polygons moving in translation, is said to be in general position if, in the arrangement of all contact hyperplanes in the 2q-dimensional space, the intersection of k ≤ 2q hyperplanes is a subspace of dimension 2q − k and the intersection of k > 2q hyperplanes is empty.
This definition means that redundancies like confounded hyperplanes or three hyperplanes meeting at a same ridge are forbidden, but parallelism between hyperplanes are not.
As claimed in Section 2.1, a small perturbation of objects can turn any system in general position. [8] In this case C is the boundary of L.
Now we introduce a few definitions. A simple contact c ∈ C is a point of C lying on a contact hyperplane. A k-contact is a contact c ∈ C lying on k contact hyperplanes. A k-double contact is a k-contact c ∈ C such that two hyperplanes containing c have labels involving the same pair of objects, otherwise it is a k-simple contact.
Let c be a point on an hyperplane corresponding to a label of simple contact (V, e). Let E and E ′ be the endpoints of e. The range of c such that V is between E and E ′ is called the validity slab of the hyperplane. Any point of C on this validity slab is a contact configuration with label (V, e). The points on the boundary of the validity slab are vertex-vertex contacts (V, E) and (V, E ′ ). A vertex-vertex contact (V, E) corresponds to two labels of simple contact: (V, e) and (V, e ′ ),where E is the common endpoint of edges e and e ′ . Such a contact is called a 2-double contact. Proposition 2 C is a polyhedron of dimension 2q, whose (2q − k)-faces of C correspond to k-contacts.
Vertices of C
This section establishes conditions under which a vertex of C (or L) is concave or convex. 4 A first examination of the geometry of C allows us to conclude that a concave vertex of C is necessarily a vertex-vertex contact, so it can be reduced to a 2-dimensional problem since only the relative motion of two objects is relevant.
Consider a vertex c ∈ C. Note that c is a 0-face and therefore, by Proposition 2, it is a 2q-contact. So, c is the intersection of 2q contact hyperplanes. The vertex c could be either concave or convex depending on the geometry of L in the neighbourhood of c. Consider whithout loss of generality one of the 2q labels of simple contact (V, e) defining c, with V a vertex of S i and e an edge of S j ; H denotes the contact hyperplane corresponding to (V, e). Since (V, e) is a contact, c lies in H; moreover c must be in the validity slab of H (see Figure  2) . If c is not on the boundary of the validity slab, then, in a neighbourhood of c, L is included in a half-space limited by H, otherwise c is on the boundary of the validity slab and thus corresponds to a vertex-vertex contact. If c is not a vertex-vertex contact, then for each of the 2q hyperplanes defining c, L is locally included in the corresponding half-spaces and thus in a neighbourhood of c, L is an intersection of half-spaces, and c is convex.
Proposition 3
If a vertex c of C is concave then it corresponds to a double contact between two vertices of two objects (or one vertex of an object and one vertex of the environment).
Double Contacts
C is a polyhedron whose vertices correspond to 2q-contact configurations. Each of these vertices may be a 2q-simple contact or a double contact. We are interested in detecting the existence of double contacts. In other words, we want to solve the following question: is there a connected subset of C whose vertices are all 2q-simple contacts?
Two Polygons
In the case of only two objects, a vertex of C is a 4-contact, and a vertex of C is a 4-contact. Since there are only three different possibilities of contacts (O − S 1 , O − S 2 , S 1 − S 2 ), a 4-contact is necessarily a double contact.
Three Polygons
In this section, we show that a system of three polygons in a polygonal environment need not have a double contact. Consider a system of three simple polygonal objects in a polygonal environment. A vertex of C is a 6-contact. There are exactly six different possibilities of contacts:
We show that there does not exist a double contact in such a system in the following discussion.
We assume that a connected component of C does not contain double contact. A vertex c of this component is a 6-simple contact.
Let (l OS1 , l OS2 , l OS3 , l S1S2 , l S1S3 , l S2S3 ) be the label describing this contact (l F G is a label of simple contact between F and G). c is the intersection of the six contact hyperplanes corresponding to these labels. From Proposition 2 and the discussion of Section 3.2, the (6 − k)-faces incident to c are defined as intersection of k of these 6 contact hyperplanes. In particular, moving the configuration along an edge incident to c corresponds to moving all the objects such that 5 of the simple contacts remain valid, and only one contact is broken. We choose the edge e having (l OS1 , l OS2 , l OS3 , l S1S3 , l S2S3 ) as label of 5-simple contact. When the configuration moves along this edge, the contact between S 1 and S 2 disappears.
Let c ′ be the other endpoint of e. To agree with our hypothesis, c ′ is a 6-simple contact different from c, its label is (l OS1 , l OS2 , l OS3 , l ′ S1S2 , l S1S3 , l S2S3 ) with l S1S2 = l ′ S1S2 . ¿From c ′ it is possible to get the edge e ′ having label (l OS1 ,
In this manner, it is possible to turn around the 2-face of the connected component of C corresponding to the 4-simple contact of label (l OS1 , l OS2 , l OS3 , l S2S3 ). The contacts S 1 − S 2 and S 1 − S 3 alternate on the edges of this 2-face. So, this 2-face must have at least four edges.
The following properties are easily deduced: · a 2-face is at least a quadrilateral, · a 3-face is at least a parallelepiped, . . . · a 6-face (i.e., a connected component) is at least a hyper-parallelepiped.
Moreover, Proposition 3 ensures that a 6-simple contact is a convex vertex of C. The following proposition summarizes these results about the shape and the size of such a connected component of C:
Proposition 4 In a system of three polygons in a polygonal environment, a connected component of C which does not contain double contact has at least 64 vertices and is convex.
Such a system exists, see Figure 3 . In this example, there are exactly twelve labels of simple contact (two for each possibility of contacts, these simple contacts are marked by arrows on Figure 3 ), there are 64 ways to choose a 6-simple contact label combining these twelve labels, each of these possibilities corresponds to a vertex of C.
Three Convex Polygons
In some particular cases, the existence of a double contact can be proved. Let S 1 ,S 2 and S 3 be three convex polygons and O a polygonal environment. Let c, a vertex of C be a 6-simple contact configuration. ¿From c, by breaking the contact S 1 − S 2 , it is possible to move along the corresponding edge. This movement in the configuration space corresponds to a relative translation moving S 1 away from S 2 . Because S 1 and S 2 are both convex, it is impossible to restore the contact S 1 −S 2 at the other extremity of the edge (even with another label), so it is necessary to introduce another contact already existing to restore a 6-contact at the end of the edge. It follows a double contact configuration exists.
It is possible to prove a stronger result. From a 6-contact c, one can move on the 3-face corresponding to three contacts S i − O in the configuration space. Moving the configuration point along a half-line drawn on this 3-face corresponds to a simultaneous translation of the three objects moving each convex polygon away from the two others. The intersection between the half-line and the 3-face is a segment whose second extremity is at least a 4-contact (at most a 2-face). As objects are moving away, the new contact is necessarily a contact between a convex polygon and the environment, and so a double contact. Unfortunately, it is not always possible to find another double contact, and Figure  4 shows an example where S 1 is the only object able to get a double contact with O. The different configurations drawn on Figure 4 represent the different vertices of C. In the same way, it is possible to prove that:
Proposition 6 In a system of two convex polygons in a polygonal environment, there exists in each connected component of L, a configuration where both polygons have a double contact with the environment.
Three Polygons in a Rectangular Environment
First, we prove an easy geometric lemma: Proof: If C is not empty, R 12 is also not empty and has a vertex c 12 . Using Lemma 7 and Equation (5), c 12 is a vertex of U 12 or there exist c 13 and c 23 with c 12 = c 13 − c 23 , and c 13 is a vertex of U 13 or c 23 is a vertex of U 23 . So we have: there exists c ij vertex of U ij corresponding to a free configuration in the complete system. Applying Lemma 7 and Equation (3) again, we deduce that c ij is a vertex of L ij (so there exists a double contact between S i and S j ), or c ij = c i − c j and c k (k = i or j) is a vertex of L k (so there exists a double contact between S k and O). 
More than Three Objects
As shown in Figure 5 , it is possible to have a connected component of the free space without double contact, even for four convex polygons in a rectangular environment. In this example, the free space is a simplex, 9 labels of simple contact are marked on the figure, and the 9 vertices of C are defined by choosing 8 labels among these 9.
Placing Convex Polygons
An algorithm to detect a free configuration (if there exists one) for two or three convex polygons in any polygonal environment can be deduced from the preceding section.
Two Convex Polygons
Proposition 6 assures that if L is not empty, there exists a 4-contact configuration where both objects have a double contact with the environment. To detect such a configuration, we can use the following algorithm:
3. Compute L 12 .
For each pair of vertices
We can study the complexity of this algorithm. n (resp. m 1 ,m 2 ) is the size of O (resp. S 1 , S 2 ).
• Step 1 consists of computing the Minkowski difference of a convex polygon and a general polygon. This can be done in time O(nm 1 log nm 1 ) and the size of L 1 is O(nm 1 ). [7] • In the same way Step 2 can be completed in time O(nm 2 log nm 2 ) and the size of L 2 is O(nm 2 ).
• In Step 3, both polygons are convex. So, the Minkowski difference can be computed in time O(m 1 + m 2 ) and L 12 is a convex polygon of size
• Step 4 dominates the time complexity of the algorithm. The number of cases to be examined is O(n 2 m 1 m 2 ). For each case we have to test whether a point is inside or outside a convex polygon of size
The time complexity of this algorithm is O(n 2 m 1 m 2 log m 1 m 2 ) which improves over the result of Avnaim and Boissonnat [2] (O(n 2 m 1 m 2 log nm 1 log nm 2 )).
Three Convex Polygons
From Proposition 5 we know that non-emptiness of L implies the existence of a 6-contact configuration with a double contact between one object S i and O. The following algorithm searches for such a configuration:
2. For each vertex c 1 of L 1 , look for a free configuration of the system with two objects S 2 and S 3 in the environment O ∪ S c1 1 using the algorithm of Section 5.1.
3. For each vertex c 2 of L 2 , look for a free configuration of the system with two objects S 1 and S 3 in the environment O ∪ S c2 2 has a free configuration. 4. For each vertex c 3 of L 3 , look for a free configuration of the system with two objects S 1 and S 2 in the environment O ∪ S The complexity of this algorithm is studied below.
• Step 1 can be computed in time O( i nm i log nm i ) and the size of L i is O(nm i ). [7] • In Step 2, we have to examine O(nm 1 ) cases. Each case is solved in time: O((n + m 1 ) 2 m 2 m 3 log m 2 m 3 ) (see Section 5.1).
• Steps 3 and 4 are identical to the preceding one. The total time complexity of these two steps is O(nm 2 (n + m 2 ) 2 m 1 m 3 log m 1 m 3 ) and O(nm 3 (n + m 3 ) 2 m 1 m 2 log m 1 m 2 ).
The complexity of the whole algorithm is:
With the assumption that the sizes of the objects are O(m) and that thay are smaller than the environment, we can summarize the total time complexity of this algorithm as O(n 3 m 3 log m) and the complexity of Avnaim's algorithm as O(n 3 m 3 log 2 n + n 3 m 5 log m). With the assumption that the objects have a constant size, our algorithms runs in O(n 3 ) time, which is an improvement over the time complexity of O(n 3 log 2 n) of Avnaim's algorithm [3] with the same assumption.
Conclusion
In this paper we have presented some results about the free space of several polygons translating in a polygonal environment. In the special cases of three convex polygonal objects translating in a polygonal environment, we have proved the existence of a double contact. We have also proved the existence of a double contact in the case of three polygonal objects translating in a rectangular environment. In the general case, we have shown an example of a non-empty free space with a convex connected component without double contact and presented some results about the minimum size of such a component. In the cases of two or three convex polygons, we have derived algorithms for computing a placement without collisions by computing double contacts. These algorithms are the fastest known for these problems. The case of more than three polygons does not present special properties concerning double contact configurations, as has been shown by an example.
The case of three polygons presents a special interest, because the number of degrees of freedom of the system is exactly the same than the number of possibilities of contacts (six). Generalizing to polygons translating and rotating in the plane or polyhedra translating in space, systems of five objects seems to play this special role since there are in this case three degrees of freedom per objects (and 15 = 3 × 5 = 2 6 ). Another interesting problem in this area is the problem of establishing lower bounds for the problems considered in this paper. In some cases, a tight lower bound for the problem of computing all containment placements may be deduced from the size of the result in typical examples. [2, 4] However, for the problem of computing just one containment placement, or, to decide if the free space is empty or not, the question of computing tight lower bounds remains open.
